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$a^{*}(f)$ $a(f),$ $f\in L^{2}(\mathbb{R}^{3})$ ,
$\iota a(f),$ $a^{*}(g)]=(\overline{f}, g),$ $[a(f), a(g)]=0=[a^{*}(f), a^{*}(g)]$
$a \#(f)=\int a\#(k)f(k)dk$ $\omega(k)$ dispersion relation
$\omega(k)=$ $H_{f}$ $\omega$ 2
$H_{f} \prod_{j=1}^{n}a^{*}(f_{j})1=\sum_{j=1}^{n}a^{*}(fi)\cdots a^{*}(\omega fj)\cdots a^{*}(f_{n})1,$
Hfl $=0$ $H_{f}= \int\omega(k)a^{*}(k)a(k)dk$
$H_{I}(x)=g \sum_{j=1}^{N}\int\frac{1}{\sqrt{2\omega(k)}}(\hat{\varphi}(k)e^{ik\cdot x_{j}}a(k)+\hat{\varphi}(-k)e^{-ik\cdot x_{j}}a^{*}(k))dk$ (1.2)
$\mathscr{H}\cong L^{2}(\mathbb{R}^{3N};\mathscr{F})$ $F\in \mathscr{H}$ $\mathbb{R}^{3N}\ni$
$x\mapsto F(x)\in \mathscr{F}$ $\int_{\mathbb{R}^{3N}}\Vert F(x)\Vert_{\ovalbox{\tt\small REJECT}}^{2}dx<\infty$
$(H_{I}F)(x)=H_{I}(x)F(x)$ $\varphi$ $\int_{\mathbb{R}^{3}}\varphi(x)dx=1$ .
well defined
9
$\hat{\varphi}/\omega^{1/2},\hat{\varphi}/\omega\in L^{2}(\mathbb{R}^{3}) , \overline{\hat{\varphi}(k)}=\hat{\varphi}(-k)$ (1.3)
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$H_{I}$ well defined $1\otimes H_{f}$
Kato-Rellich $H$ $D(H_{p}\otimes 1)\cap D(1\otimes H_{f})$
( $IR$)
$\hat{\varphi}/\omega^{3/2}\in L^{2}(\mathbb{R}^{3})$ , (1.4)
$\Psi\in \mathscr{H}$ ([Spo98,
BFS98, GerOO, AraOl, Sas05] $)$ . [LMS02, Hir06]
(1.4)
$H$ 1 $\varphi(x)arrow(2\pi)^{3/2}\delta(x)$
$\hat{\varphi}(k)arrow 1$ . $[Nel64a]$ (Appendix C)
[GHPS12, HHS05] Nelson $[Nel64b]$
$\hat{\varphi}_{\epsilon}(k)=e^{-\epsilon|k|^{2}/2}$
$H_{\epsilon}$ $\epsilon>0$ $UV$ $H_{\epsilon}-E_{\epsilon}$
$\epsilon\downarrow 0$ $E_{\epsilon}$
(1) $E_{\epsilon}$
(2) $H_{ren}= \lim_{\epsilon\downarrow 0}(H_{\epsilon}-E_{\epsilon})$
(3) $H_{ren}$
(4) $H_{ren}$ (weak coupling limit)
2
2.1
$\omega(k)=|k|$ $1_{\Lambda}(k)=\{\begin{array}{l}1, \omega(k)<\Lambda 1_{\Lambda}^{\perp}(k)=1-1_{\Lambda}(k) 0, \omega(k)\geq\Lambda\end{array}$
$\Lambda>0$ (2.24), 2 ,9 2.21
:
2.1 $V$ Kato-
$\lim_{t\downarrow 0_{x}}\sup_{\in \mathbb{R}^{3}}\mathbb{E}^{x}[\int_{0}^{t}|V(B_{s})|ds]=0$ . (2.1)
$V$ $V\equiv 0$ Katx
Appendix A Kato-
$\hat{\varphi}_{\epsilon}(k)=e^{-\epsilon|k|^{2}/2}1_{\Lambda}^{\perp}(k),$ $\epsilon\geq 0$ ,
$H_{\epsilon}=H_{p} \otimes 1+1\otimes H_{f}+\int_{\mathbb{R}^{3}}^{\oplus}H_{I}^{\epsilon}(x)dx, \epsilon>0$ , (2.2)
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$E_{\epsilon}arrow-\infty(\epsilon\downarrow 0)$ $H_{\epsilon}-E_{\epsilon}$ $\epsilon\downarrow 0$ Hren
$UV$
2.2 Hren :
$s-\lim_{\epsilon\downarrow 0}e^{-t\langle H_{e}-E_{\epsilon})}=e^{-tH_{r\circ n}}, t\geq 0$ . (2.6)
$\ovalbox{\tt\small REJECT}$ $(B_{t})_{t\in \mathbb{R}}=(B_{t}^{1}, \ldots, B_{t}^{N})_{t\in \mathbb{R}}$
$(B_{t}^{j})_{t\in R},$ $j=1,$ $\ldots,$ $N$ , $N$ $\mathbb{R}^{3}$-
$E^{x}[\cdots]$ $x$
( ) $(F, e^{-2TH_{\epsilon}}G)$ ([LHBII, Theorem
6.3] $)$ $F=f\otimes 1$ $G=h\otimes 1$
2.3 $f,$ $h\in L^{2}(\mathbb{R}^{3})$
$(f \otimes 11, e^{-2TH_{\epsilon}}h\otimes 1)=\int_{\mathbb{R}^{3}}dxE^{x}[-\int_{-T}^{T}V(B_{S})ds\frac{2}{2}S_{\epsilon}.$
$S_{\epsilon}= \sum_{i,j=1}^{N}\int_{-T}^{T}ds\int_{-T}^{T}dtW_{\epsilon}(B_{t}^{i}-B_{s}^{j}, tarrow s)$
$W_{\epsilon}(x, t)= \int_{\mathbb{R}^{3}}\frac{1}{2\omega(k)}e^{-\epsilon|k|^{2}}e^{-ik\cdot x}e^{-\omega(k)|t|}1_{\Lambda}^{\perp}(k)dk$
2.2
$\varphi_{\epsilon}(x, t)=\int_{\mathbb{R}^{3}}\frac{e^{-\epsilon|k|^{2}}e^{-ik\cdot x-\omega(k)|t|}}{2\omega(k)}\beta(k)1_{\Lambda}^{\perp}(k)dk, \epsilon\geq0$. (2.7)
$\beta(k)^{k}$ (2.5)
2.4 $S_{0}^{ren}$ :
$hmE^{x}\epsilon\downarrow 0[e^{-}\int_{-T}^{T}e^{L^{2}}2[ee^{g_{2}^{2}}$ . (2.8)
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Figure 1: $S_{\epsilon}$
$W_{\epsilon}(x, t)$ $W_{\epsilon}(x, t)arrow W_{0}(x, t)(\epsilon\downarrow 0)$ $(x, t)\neq(O, 0)$
$W_{0}(x, t)= \int_{\mathbb{R}^{3}}\frac{1}{2\omega(k)}e^{-ik\cdot x}e^{-\omega(k)|t|}1_{\Lambda}^{\perp}(k)dk$. (2.9)
$W_{\epsilon}(0,0)arrow\infty(\epsilon\downarrow 0)$ $W_{0}(x, t)$ $(0,0)$ (2.8)
$T>0$ $\epsilon\downarrow 0$
$0<\mathcal{T}\leq T$ $[t]_{T}=-T\vee t\wedge T$
: $S_{\epsilon}=S_{\epsilon}^{D}+S_{\epsilon}^{OD}$ .
$S_{\epsilon}^{D}=2 \sum_{i,j=1}^{N}\int_{-T}^{T}ds\int_{s}^{[s+\tau]_{T}}dtW_{\epsilon}(B_{t}^{i}-B_{s}^{j}, t-s)$ (2.10)
$S_{\epsilon}^{OD}=2 \sum_{i,j=1}^{N}\int_{-T}^{T}ds\int_{[s+\tau]_{T}}^{T}dtW_{\epsilon}(B_{t}^{i}-B_{s}^{j}, t-s)$ . (2.11)
$S_{\epsilon}^{D}$ $S$ $\{(t, t)\in \mathbb{R}^{2}||t|\leq T\}$ $S_{\epsilon}^{OD}$
$\tau=T$ $S_{e}^{OD}=0$
2.5 $\lim_{\epsilon\downarrow 0}S_{\epsilon}^{OD}=S_{0}^{OD}$ . $S_{\mathring{0}}^{D}$ $S_{\mathring{\epsilon}}^{D}$ $\epsilon=0$
$S_{\epsilon}^{D}$
2.6 $\epsilon$ $c>0$ :
$|\nabla\varphi_{\epsilon}(x, t)|\leq c|t|^{-1}, t\neq 0$
$|\nabla\varphi_{\epsilon}(x, t)|\leq c|x|^{-1}, |x|\neq 0.$
79
$\varphi 0-\varphi_{\epsilon}$
$c_{\epsilon}>0$ : $\lim_{\epsilon\downarrow 0}c_{\epsilon}=0$
$|\nabla\varphi_{\epsilon}(x, t)-\nabla\varphi_{0}(x, t)|\leq c_{\epsilon}|t|^{-1}, t\neq 0,$
$|\nabla\varphi$ $(x, t)-\nabla\varphi_{0}(x, t)|\leq c_{\epsilon}|x|^{-1},$ $|x|\neq 0.$
$| \nabla\varphi_{\epsilon}(x, t)|\leq\int_{\mathbb{R}^{3}}\frac{1}{2(\omega(k)+|k|^{2}/2)}e^{-\epsilon|k|^{2}}e^{-\omega(k)|t|}1_{\Lambda}^{\perp}(k)dk\leq c\int_{\Lambda}^{\infty}e^{-rt}dr$
$\varphi_{\epsilon}(x, t)=2\pi\int_{\Lambda}^{\infty}\frac{e^{-\epsilon r^{2}-r|t|}}{r(2+r)}\frac{\sin(r|x|)}{|x|}dr$. (2.12)
(2.12)
$\nabla\varphi_{\epsilon}(x, t)=\frac{2\pi x}{|x|^{2}}\int_{\Lambda}^{\infty}\frac{e^{-\epsilon r^{2}/|x|^{2}-|t|r/|x|}}{r(2|x|+t)}(r\cos r-\sin r)dr$ (2.13)
$| \nabla\varphi_{\epsilon}(x_{g}, t)|\leq\int_{0}^{1}\frac{Cr^{3}}{r^{2}}dr+|\int_{1}^{\infty}\frac{e^{-\epsilon r^{2}/|x|^{2}-|t|r/|x|}}{(2|x|+r)}\cos rdr|+l^{\infty}\frac{1}{r^{2}}$ $dr$ .
$r\in[0,1]$ $|r\cos r-\sin r|\leq Cr^{3}$
2.7 $\epsilon>0$
$S_{\epsilon}^{D}=2 \sum_{i,j=1}^{N}\int_{-T}^{T}\varphi_{\epsilon}(B_{s}^{i}-B_{s}^{j}, 0)ds-2\sum_{i,j=1}^{N}\int_{-T}^{T}\varphi_{\epsilon}(B_{[s+\tau]\tau}^{i}-B_{s}^{j}, [s+\tau]\tau-s)ds$
$+2 \sum_{i,j=1}^{N}\int_{-\tau^{ds}}^{T}l^{[s+\tau]\tau_{\nabla\varphi_{\epsilon}(B_{t}^{i}-B_{s}^{j},t-s)\cdot dB_{t}^{i}}}$ . (2.14)
$\varphi_{\epsilon}(x, t)$ :
$( \partial_{t}+\frac{1}{2}\Delta)\varphi_{\epsilon}(x, t)=-W_{\epsilon}(x, t) ,x\in \mathbb{R}^{3}, t\geq 0$ . (2.15)
$i$ $j$
$\varphi_{\epsilon}(B_{[s+\tau]\tau}^{i}-B_{s}^{j}, [s+\tau]_{T}-s)-\varphi_{\epsilon}(B_{s}^{i}-B_{s}^{j}, 0)$










$S_{\epsilon}^{ren}=S_{\epsilon}-4NT\varphi_{\epsilon}(0,0) , \epsilon>0$. (2.18)
$S_{\epsilon}^{ren}=S_{\epsilon}^{OD}+X_{\epsilon}+Y_{\epsilon}+Z_{\epsilon}$
$X_{\epsilon}=2 \sum_{i\neq j}^{N}\int_{-T}^{T}\varphi_{\epsilon}(B_{s}^{i}-B_{s}^{j}, 0)ds$, (2.19)
$Y_{\epsilon}=2 \sum_{i,j=1}^{N}\int_{-T}^{T}ds\int_{s}^{[s+\tau]\tau}\nabla\varphi_{\epsilon}(B_{t}^{i}-B_{s}^{j}, t-s)\cdot dB_{t}^{i}$ , (2.20)
$Z_{\epsilon}=-2 \sum_{i^{\backslash }j=1}^{N}\int_{-T}^{T}\varphi_{\epsilon}(B_{[s+\tau]_{T}}^{i}-B_{s}^{j}, [s+\tau]_{T}-s)ds$ . (2.21)
2.8 $\grave{}$ $c_{z}$ $c_{s}$ $|Z_{\epsilon}|\leq c_{z}T$ $|S_{\mathring{\epsilon}}^{D}|\leq c_{S}T^{2}$ $\epsilon\geq 0$





$X_{\epsilon}= \sum_{i\neq j}^{N}\int_{-T}^{T}ds\frac{2\pi}{|B_{S}^{i}-B_{s}^{j}|}\int_{\Lambda}^{\infty}\frac{\sin\sqrt{r|B_{s}^{i}-B_{s}^{j}|}}{r+r^{2}/2}e^{-\epsilon r^{2}}dr, \epsilon\geq 0$ (2.22)

















2.6 $|\nabla\varphi_{\epsilon}(x, t)-\nabla\varphi o(x, t)|\leq c_{\epsilon}|x|^{-\theta}|t|^{-(1-\theta)},$ $\theta\in[0,1]$








$|x|^{-2\theta}\in L^{p}(\mathbb{R}^{3})+L^{\infty}(\mathbb{R}^{3})$ $p>3/2$ $|x|^{-2\theta}$ $Kat+$
$\sup_{X\in \mathbb{R}^{3}}\int_{\mathbb{R}^{3}}\frac{1}{|u-X|}\frac{1}{|u|^{2\theta}}du<\infty.$
Appendix A $\sup_{x\in \mathbb{R}}3\int_{-T}^{T}dt\int_{[t-\tau]\tau}^{t}dsE^{x}[|B_{t}^{i}-B_{S}^{j}|^{-2\theta}]<\infty$
$\sup_{x\in \mathbb{R}^{3}}\mathbb{E}^{x}[|Y_{\epsilon}-Y_{0}|^{2}]arrow 0 (\epsilon\downarrow 0)$ (2.27)
(2.26) $c_{\epsilon}arrow 0(\epsilon\downarrow 0)$ $\sup_{x\in \mathbb{R}^{3}}E^{x}[|Y_{\epsilon}|]<\infty$
$\mathbb{E}^{x}[|Y_{\epsilon}|^{2}]\leq 4c\tau^{2\theta-1\sqrt{N}\sum_{i,j=1}^{N}\int_{-T}^{T}dt\int_{[t-\tau]\tau}^{t}\mathbb{E}^{x}[|B_{t}^{i}-B_{S}^{j}+x^{i}-x^{j}|^{-2\theta}]ds}$
$x=(x^{1}, \ldots, x^{N})\in \mathbb{R}^{3N}$
$N$
$S_{\mathring{\epsilon}}^{D,T}(x)=2 \sum_{i\neq j}\int_{0}^{2T}ds\int_{[s+\tau]\tau}^{T}W_{\epsilon}(B_{t}^{i}-B_{s}^{j}+x^{i}-x^{j}, t-s)dt,$
$N$
$X_{e}^{T}(X)=2 \sum_{i,j=1}\int_{0}^{2T_{\backslash }}\varphi_{\epsilon}(B_{s}^{i}-B_{S}^{j}+x^{i}-x^{j}, 0)ds,$
$N$
$Y_{\epsilon}^{T}(x)=2 \sum_{i,j=1}\int_{0}^{2T}d_{\mathcal{S}}\int_{S}^{[s+\tau]_{T}}\nabla\varphi_{\epsilon}(B_{t}^{i}-B_{S}^{j}+x^{i}-x^{j}, t-S)\cdot dB_{t}^{i},$
$N$
$Z_{\epsilon}^{T}(x)=-2 \sum_{i,j=1}\int_{0}^{2T}\varphi_{\epsilon}(B_{[s+\tau]_{T}}^{i}-B_{S}^{j}+x^{i}-x^{j}, [s+\tau]_{T}-s)ds.$
2.11 $\alpha\in \mathbb{R}$ $c_{U}(\alpha)>0$ ( $\epsilon\geq 0$ )
$\sup_{x\in \mathbb{R}^{3}}E^{0}[e^{\alpha U_{\epsilon}^{T}(x)}]<cu(\alpha) , \epsilon\geq 0, U=S^{OD}, X, Y, Z$ (2.28)
$U=X$ $|X_{\epsilon}^{T}(x)| \leq C\sum_{i\neq j}^{N}\int_{0}^{2T}|B_{S}^{i}-B_{s}^{j}|^{-1}ds$ $\sum_{i\neq j}^{N}|x^{i}-x^{j}|^{-1}$
Kato-
$\sup_{x\in \mathbb{R}^{3}}|E^{0}[e^{\alpha X_{\epsilon}^{T^{-}}(x)}]|\leq\sup_{x\in \mathbb{R}^{3}}E^{x}[e^{|\alpha|\Sigma_{i\neq j}\int_{0}^{2T}|B_{s}^{i}-B_{s}^{j}|^{-1}ds}]<\infty$ . (2.29)





$Y_{\epsilon}^{T}(x)= \int_{0}^{2T}\Phi_{t}\cdot dB_{t}$ . (2.30)
Girsanov $E^{0}[e^{2\alpha\int_{0}^{2T}\Phi_{t}\cdot dB_{t}-\frac{1}{2}(2\alpha)^{2}\int_{0}^{2T}|\Phi_{t}|^{2}dt}]=1$
$(E^{0}[e^{\alpha Y_{\epsilon}^{T}(x)}])^{2}\leq E^{0}[e^{2\alpha} ^{}\tau_{\Phi_{t}\cdot dB_{t}-\frac{1}{2}(2\alpha)^{2}\int_{0}^{2T}|\Phi_{t}|^{2}dt}]E^{0}[e^{2\alpha^{2}\int_{2}^{2T}|\Phi_{t}|^{2}dt}]$
$=E^{0}[e^{2\alpha^{2}\int_{0}^{2T}|\Phi_{t}|^{2}dt}]$
(2.26) $\int_{0}^{2T}|\Phi_{t}|^{2}dt\leq 4c\tau^{2\theta-1}\sqrt{N}Q(x)$ . $c$ 2.6
$\epsilon$
$Q(x)= \sum_{i,j=1}^{N}\int_{0}^{2T}dsl^{[s+\tau]_{T}}|B_{t}^{i}-B_{s}^{j}+x^{i}-\dot{d}|^{-2\theta}dt.$
$\frac{1}{2}<\theta<1$ $(E^{0}[e^{\alpha Y_{\epsilon}^{T}(x)}])^{2}\leq E^{0}[e^{\gamma Q(x)}]$ . $\gamma=8c\sqrt{N}\alpha^{2}\tau^{2\theta-1}.$
Jensen
$E^{0}[e^{\gamma Q(x)}]\leq\int_{0}^{2T_{\frac{ds}{2T}\mathbb{E}^{0}[e^{2T\gamma\Sigma_{i,j=1}^{N}\int_{s}^{[s+\tau]_{T}}|B_{t}^{i}-B_{s}^{j}+x^{i}-x^{j}|^{-2\theta}dt}}}]$ . (2.31)
(2.31) $\int_{0}^{2T}=\int_{0}^{2T-\tau}+\int_{2T-\tau}^{2T}$ $[s+\tau]\tau=s+\tau$
$\int_{0^{\frac{ds}{2T}E^{0}[e^{2T\gamma\Sigma_{i,j=1}^{N}\int_{s}^{[s+\tau]_{T}}|B_{t}^{i}-B_{s}^{j}+x^{i}-x^{j}|^{-2\theta}dt}}}^{2T-\tau}]$
$= \int_{0}^{2T-\tau}\frac{ds}{2T}E^{0}[e^{2T\gamma\Sigma_{i,j=1}^{N}\int_{0}^{\tau}|B_{s+t^{-B_{\delta}^{j}+x^{i}-x^{j}|^{-2\theta}dt}}^{i}}]$ . (2.32)








$\beta\in \mathbb{R}$ (Appendix A )
$\sup_{x,y\in \mathbb{R}^{3}}\mathbb{E}^{0}[e^{2T\gamma\Sigma_{j=1}^{N}\int_{0}^{\tau}|B_{t}^{i}+(x+y)^{i}-(x+y)^{j}|^{-2\theta}dt}]<\infty$ . (2.33)
$\int_{0^{\frac{1}{2T}E^{x}[e^{2T\gamma\Sigma_{i,j=1}^{N}\int_{\epsilon}^{[s+\tau]_{T}}|B_{t}^{i}-B_{s}^{j}+x^{i}-x^{j}|^{-2\theta}dt}}}^{2T-\tau}]ds$





$\sup_{x\in \mathbb{R}^{3}}\mathbb{E}^{0}[e^{2\alpha Y_{\epsilon}^{T}(x)}]\leq(\sup_{x,y\in \mathbb{R}^{3}}\prod_{i=1}^{N}E^{0}[e^{2T\gamma\Sigma_{i=1}^{N}\int_{0}^{\tau}|B_{t}^{i}+(x+y)^{i}-(x+y)^{j}|^{-2\theta}dt}])^{1/2}<\infty$ . (2.36)
$U=Z$ $U=S^{OD}$ $|Z_{\epsilon}^{T}(x)|\leq {}_{Cz}T$ $|S_{\mathring{\epsilon}}^{D,T}(x)|\leq cT^{2}$
$\sup_{x\in \mathbb{R}^{3}}E[e^{\alpha Z_{\epsilon}^{T}(x)}]<\infty$ $\sup_{x\in \mathbb{R}^{3}}\mathbb{E}[e^{\alpha S_{\zeta}^{ODT}(x)}]<\infty$












$\lim_{\epsilon\downarrow 0}E^{0}[|e^{\alpha X_{\epsilon}^{T}(x)}-e^{\alpha X_{0}^{T}(x)}|]=0, x\in \mathbb{R}^{3N}$ . (2.38)
$|X_{\epsilon}^{T}(x)| \leq\int_{0}^{2T}V_{C}(B_{s}^{1}+x^{1}, \ldots., B_{S}^{N}+x^{N})ds$
$E^{0}[|e^{\alpha X_{e}^{T}(x)}-e^{\alpha X_{0}^{T}(x)}|]\leq 2E^{0}[|e^{\alpha\int_{-T}^{T}V_{C}(B_{s}^{1}+x^{1},\ldots.,B_{s}^{N}+x^{N})ds}]<\infty$
$x$ $X_{\epsilon}^{T}(x)arrow X_{0}^{T}(x)$ a.s. (2.38)
2.14 $\alpha\in \mathbb{R}$
$\lim_{\epsilon\downarrow 0}\sup_{x\in \mathbb{R}^{3}}E^{0}[|e^{\alpha U_{e}^{T}(x)}-e^{\alpha U_{0}^{T}(x)}|]=0, U=S^{OD}, Y,Z$. (2.39)






Girsanov $1=E^{0}[e^{\alpha\int_{0}^{2T}\delta\Phi_{t}\cdot dB_{t}-\frac{\alpha^{2}}{2}\int_{0}^{2T}|\delta\Phi_{t}|^{2}dt}]$ $\alpha\in \mathbb{R}$
$\sup_{x\in R^{3}}(E^{0}[e^{\alpha(Y_{\epsilon}^{T}(x)-Y_{0}^{T}(x))}]-1)^{2}\leq\sup_{x\in \mathbb{R}^{3}}E^{0}[e^{2\alpha\int_{0}^{2T}\delta\Phi_{t}\cdot dB_{t}}]E^{0}[(1-e^{-\frac{\alpha^{2}}{2}\int_{0}^{2T}|\delta\Phi_{t}|^{2}dt})^{2}]$
(2.41)
$\sup_{x\in R^{3}}E^{0}[e^{2\alpha\int_{0}^{2.T}\delta\Phi_{t}\cdot dB_{t}}]\leq\sup_{x\in \mathbb{R}^{3}}(E^{0}[e^{4\alpha^{2}\int_{0}^{2T}|\delta\Phi_{t}|^{2}dt}])^{1/2}$
$\sup_{x\in \mathbb{R}^{3}}E^{0}[(1-e^{-\frac{\alpha^{2}}{2}\int_{0}^{2T}|\delta\Phi_{t}|^{2}dt})^{2}]\leq\sup_{x\in \mathbb{R}^{3}}\mathbb{E}^{0}[|\frac{\alpha^{2}}{2}\int_{0}^{2T}|\delta\Phi_{t}|^{2}dt|^{2}]arrow 0$ (2.42)
$(\epsilon\downarrow 0)$ . (2.42) 2.10 $\sup_{x\in R^{3}}(E^{0}[e^{4\alpha^{2}\int_{0}^{2T}|\delta\Phi_{t}|^{2}dt}])^{1/2}$ $\epsilon$
2.12 (2.41) $\epsilon\downarrow 0$
$U=Y$ (2.39)
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$U=Z$ $\sup_{x\in \mathbb{R}^{3}}$ $\mathbb{E}$x $[|$e$\alpha$ ( $Z\epsilon$ -ZO)–1 $|$ $]arrow$ 0
$Z_{\epsilon}(x)-Z_{0}(x)$
$=2 \sum_{i,j=1}^{N}\prime\int_{-T}^{T}ds\int_{\mathbb{R}^{3}}\frac{e^{-ik\cdot(B_{l\prime}^{i}.+x^{i}-B_{[s+\tau]_{T}-s}^{j}-x^{j})}S+fJ_{T}-se^{-([s+\tau]_{T}-s)\omega(k)}}{\omega(k)}\beta(k)1_{\Lambda}^{\perp}(k)(1-e^{-\epsilon|k|^{2}})dk$
$\eta_{\epsilon}(x)=\alpha(Z_{\epsilon}(x)-Z_{0}(x))$ $|\eta_{\epsilon}(x)|^{n}\leq c^{n}\alpha^{n}T^{n}\epsilon^{n}$ $x$
$c$
$\mathbb{E}^{0}[e^{\eta_{\epsilon}(x)}]=1+\sum_{n\geq 1}\frac{1}{n!}\mathbb{E}^{0}[\eta_{\epsilon}(x)^{n}]$ .
$\sum_{n\geq 1}\frac{1}{n!}E^{0}[|\eta_{\epsilon}(x)|^{n}]\leq\sum_{n\geq 1}\frac{1}{n!}c^{n}T^{n}\epsilon^{n}arrow 0$
$(\epsilon\downarrow 0)$ $x$ (2.39) $U=Z$ $U=S^{OD}$
(2.39)
2.15 $\alpha\in \mathbb{R}$ $f,$ $h\in L^{2}(\mathbb{R}^{3})$
$hm\epsilon\downarrow 0\int_{\mathbb{R}^{3}}dxE^{x}[f(B_{-T})h(B_{T})e^{-\int_{-T}^{T}V(B_{s})ds}e^{\alpha S_{\epsilon}^{ren}}]$
$= \int_{\mathbb{R}^{3}}dxE^{x}[f(B_{-T})h(B_{T})e^{-\int_{-T}^{T}V(B_{s})ds}e^{\alpha S_{0}^{ren}}]$ . (2.43)
$\grave{A}_{\epsilon}=A_{\epsilon}(x)=\alpha(S_{\mathring{\epsilon}}^{D,T}(x)+Y_{\epsilon}^{T}(x)+Z_{\epsilon}^{T}(x))$ $dxdP^{x}$
telescoping
$| \int_{\mathbb{R}^{3}}dx\mathbb{E}^{x}[f(B_{-T})h(B_{T})e^{-\int_{-T}^{T}V(B_{8})ds}(e^{\alpha S_{\epsilon}^{ren}}-e^{\alpha S_{0)]}^{ren}}|$
$\leq e^{2T\Vert V\Vert_{\infty}}\int_{\mathbb{R}^{3}}dx|f(x)|E^{0}[|h(B_{2T}+x)|(e^{A_{\epsilon}(x)+\alpha X_{\epsilon}^{T}(x)}-e^{A_{0}(x)+\alpha X_{0}^{T}(x)})]$
$\leq e^{2T\Vert V\Vert_{\infty}}\Vert f\Vert\Vert h\Vert\sup_{x\in \mathbb{R}^{3}}(E^{0}[|e^{A_{\epsilon}(x)}-e^{A_{0}(x)}|^{4}]\mathbb{E}^{0}[e^{4\alpha X_{\epsilon}^{T}(x)}])^{1/4}$
$+ e^{2T\Vert V\Vert_{\infty}}\int_{\mathbb{R}^{3}}dx|f(x)|E_{\epsilon}(x)\sup_{x\in \mathbb{R}^{3}}(\mathbb{E}^{0}[|e^{4A_{0}}])^{1/4}$
$E_{\epsilon}(x)=(E^{0}[|h(B_{2T}+x)|^{2}])^{1/2}(E^{0}[(e^{\alpha X_{\epsilon}^{T}(x)}-e^{\alpha X_{0}^{T}(x)})^{4}])^{1/4}$
$\sup_{x\in \mathbb{R}^{3}}E^{0}[e^{4\alpha X_{\epsilon}^{T}(x)}]$ $\sup_{x\in \mathbb{R}^{3}}E^{0}[e^{4A_{0}}]$ .
$\epsilon$
2.11 2.14 $\lim_{\epsilon\downarrow 0\sup_{x\in \mathbb{R}^{3}}}E^{0}[|e^{A_{\epsilon}(x)}-e^{A_{0}(x)}|^{4}]=0$
$E_{\epsilon}(x) \leq(\mathbb{E}^{0}[|h(B_{2T}+x)|^{2}])^{1/2}\sup_{x\in \mathbb{R}^{3}}(\mathbb{E}^{0}[(e^{\alpha X_{\epsilon}^{T}(x)}-e^{\alpha X_{0}^{T}(x)})^{4}])^{1/4}\in L^{1}(\mathbb{R}^{3N})$.




$\lim_{\epsilon\downarrow 0}(f\otimes 1, e^{-2T(H_{\epsilon}+g^{2}N\varphi_{\epsilon}(0,0))}h\otimes 1)=\int_{\mathbb{R}^{3}}\mathbb{E}^{x}[\overline{f(B_{-T})}h(B_{T})^{-\int_{-T}^{T}V(B_{s})ds\frac{2}{2}s_{0]dx}^{ren}}ee^{g}.$
(2.44)
$s_{0}^{ren}=2 \sum_{i\neq j}^{N}\int_{-T}^{T}\varphi_{0}(B_{s}^{i}-B_{s}^{j}, 0)ds+2\sum_{i,j=1}^{N}\int_{-\tau^{ds}}^{T}l^{\tau_{\nabla\varphi_{0}(B_{t}^{i}-B_{s}^{j},t-s)\cdot dB_{t}}}$




$(f \otimes 1, e^{-2T(H_{e}+g^{2}N\varphi_{\epsilon}(0,0))}h\otimes n)=\int_{\mathbb{R}^{3}}E^{x}[\overline{f(B_{-T})}h(B_{T})^{-\int_{-T}^{T}V(B_{s})ds{}_{2}S_{\epsilon}^{ren}}ee^{L^{2}}]^{}dx(2.46)$
$\int_{\mathbb{R}^{3}}E^{x}[\overline{f(B_{-\tau})}h(B_{T})ee2]dx(\epsilon\downarrow 0)$
(2.44)
$S_{0}^{ren}=2 \sum_{i\neq j}^{N}\int_{-T}^{T}\varphi_{0}(B_{s}^{i}-B_{s}^{j}, 0)ds+2\sum_{i,j=1}^{N}\int_{-T}^{T}ds\int_{s}^{[s+\tau|\tau}\nabla\varphi_{0}(B_{t}^{i}-B_{s}^{j}, t-s)\cdot dB_{t}$
$-2 \sum_{i,j=1}^{N}\int_{-T}^{T}\varphi_{O}(B_{[s+\tau]_{T}}^{i}-B_{s}^{j}, [s+\tau]_{T}-s)ds$ (2.47)
$\tau=T$ (2.45)
$f\otimes 1$ $f\otimes F(\phi(fi), \ldots, \phi(f_{n}))1\sim\sim$
$F\in \mathscr{S}(\mathbb{R}^{3}),$ $\phi(f)$ : $\frac{1}{\sqrt{2}}(a^{*}(\hat{f})+a(\hat{f}))$ . $f(k)=\hat{f}(-k)$ .
$e^{-2TH_{\epsilon}}$
$H_{-k}(\mathbb{R}^{n})=\{f\in \mathscr{S}_{\mathbb{R}}’(\mathbb{R}^{n})|\hat{f}\in L_{1oc}^{1}(\mathbb{R}^{n}), |\cdot|^{-k/2}\hat{f}\in L^{2}(\mathbb{R}^{n})\}$
$\Vert f\Vert_{H_{-k}(R^{n})}^{2}=\int_{R^{n}}|\hat{f}(x)|^{2}|x|^{-k}dx$
$(Q_{E}, \Sigma_{E,\mu_{E})} \{\phi_{E}(F), F\in H_{-1}(\mathbb{R}^{4})\}$ $F\mapsto\phi_{E}(F)$
$E_{\mu_{E}}[\phi_{E}(F)\phi_{E}(G)]=\frac{1}{2}(F, G)_{H_{-1}(R^{4})}$ .
Appendix $B$ $\mathscr{H}$ $\mathscr{F}$- $L^{2}$ $L^{2}(\mathbb{R}^{3N};\mathscr{F})$






$\tilde{\varphi}_{\epsilon}(x)=(e^{-\epsilon|\cdot|^{2}/2}1_{\Lambda}^{\perp}/\sqrt{\omega})^{\vee}(x)$ . $\delta_{s}(x)=\delta(x-s)$ $s$
[LHBII, Theorem 6.3]
2.18 $\rho j\in H_{-1/2}(\mathbb{R}^{3}),j=1,2,$ $f,$ $h\in L^{2}(\mathbb{R}^{3N}),$ $\alpha,$ $\beta\in \mathbb{C}$
$\lim_{\epsilon\downarrow 0}(f\otimes e^{\alpha\phi(\rho_{1})}1, e^{-2T(H_{\epsilon}+g^{2}N\varphi_{\epsilon}(0,0))}h\otimes e^{\beta\phi(\rho_{2})}1)$





$(f \otimes e^{\alpha\phi(\rho_{1})}1, e^{-2T(H_{\epsilon}+g^{2}N\varphi_{\epsilon}(0,0))}h\otimes e^{\beta\phi(\rho_{2})}1)=\int_{\mathbb{R}^{3}}dxE^{x}[\overline{f}(B_{-\tau})h(B_{T})e^{-\int_{-T}^{T}V(B_{s})ds}$
$\cross E_{\mu_{E}}[e^{\overline{\alpha}\phi_{E}(\delta_{-T}\otimes\rho\iota)}e^{\beta\phi_{E}(\delta_{T}\otimes\rho_{2})}e^{g\phi_{E}(-\Sigma_{j=1}^{N}\int_{-T}^{T}\delta_{s}\otimes\tilde{\varphi}_{\epsilon}(\cdot-B_{s}^{j})ds)}]]e^{-2Tg^{2}N\varphi_{\epsilon}(0,0)}.$
$E_{\mu_{E}}[e^{\overline{\alpha}\phi_{E}(\delta_{-T}\otimes\rho_{1})}e^{\beta\phi_{E}(\delta_{T}\otimes\rho_{2})}e^{g\phi_{E}(-\Sigma_{j=1}^{N}\int_{-T}^{T}\delta_{s}\otimes\tilde{\varphi}_{\epsilon}(\cdot-B_{s}^{j})ds)}]e=e^{g_{2}^{2}}.$
$\xi_{\epsilon}$ $\xi$ $1_{\Lambda}^{\perp}(k)$ $1_{\Lambda}^{\perp}(k)e^{-\epsilon|k|^{2}/2}$
$(f\otimes e^{\alpha\phi(\rho_{1})}1, e^{-2T(H_{\epsilon}+g^{2}N\varphi_{\epsilon}(0,0))}h\otimes e^{\beta\phi(\rho_{2})}1)$
$= \int_{\mathbb{R}^{3}}dxE^{x}[e^{-\int^{T}ds}e^{g_{2}^{2}}].$
$C$ $\xi_{\epsilon}\leq C$ $\epsilon\geq 0$ 2.16
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$\mathscr{D}\subset \mathscr{H}$ :
$\mathscr{D}=L.H.$ $\{f\otimes 1|f\in L^{2}(\mathbb{R}^{3N})\}\cup$
$\{f\otimes F(\phi(f_{1}), \ldots, \phi(f_{n}))1|F\in \mathscr{S}(\mathbb{R}^{n}), f_{j}\in C_{0}^{\infty}(\mathbb{R}^{3}), 1\leq j\leq n,n\in \mathbb{N}, f\in L^{2}(\mathbb{R}^{3N})\}.$
2.18 :




$\xi(K_{1}, K_{2})=-\Vert K_{1}\cdot u/\sqrt{\omega}\Vert^{2}-\Vert K_{2}\cdot v/\sqrt{\omega}\Vert^{2}-2(K_{1}\cdot u/\sqrt{\omega}, e^{-2T\omega}K_{2}\cdot v/\sqrt{\omega})$
$-2ig \sum_{j=1}^{N}\int_{-T}^{T}ds\int_{R^{3}}dk\frac{K_{1}\cdot\hat{u}(k)}{\sqrt{\omega(k)}}1_{\Lambda}^{\perp}(k)e^{-|s-T|\omega(k)}e^{-ikB_{s}^{j}}$
$+2ig \sum_{j=1}^{N}\int_{-T}^{T}ds\int_{\mathbb{R}^{3}}dk\frac{K_{2}\cdot\hat{v}(k)}{\sqrt{\omega(k)}}1_{\Lambda}^{\perp}(k)e^{-|s+T|\omega(k)}e^{-ikB_{\delta}^{j}},$
$u=(u_{1}, \ldots, u_{n}),$ $v=(v_{1}, \ldots, v_{m})$ .
$F( \phi(fi), \ldots, \phi(f_{n}))I=(2\pi)^{-n/2}\int_{\mathbb{R}}{}_{n}\hat{F}(K)e^{i\phi(K\cdot f)}1dK$
$(\Phi, e^{-2T(H_{\epsilon}+g^{2}N\varphi_{e}(0,0))}\Psi)$




$\int_{\mathbb{R}^{3}}dxE^{x}[f(B_{-T})h(B_{T})e^{-\int_{-T}^{T}V(B_{\theta})ds}e^{S_{\epsilon}^{ren}}]\leq C\Vert f\Vert\Vert h\Vert$ (2.51)
$f,$ $h\in L^{2}(\mathbb{R}^{3}),$ $\epsilon\geq 0$ ,
$C \leq\sup_{x\in \mathbb{R}^{3}}(E^{0}[e^{-2\int_{0}^{2T}V(B_{s}+x)ds}e^{2(S_{\epsilon}^{\circ D,T}(x)+X_{\epsilon}^{T}(x)+Y_{\epsilon}^{T}(x)+Z_{\epsilon}^{T}(x))}])^{1/2}$ (2.52)
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(2.37)
2.21 $C\in \mathbb{R}$ $H_{\epsilon}+g^{2}N\varphi_{\epsilon}(0,0)>C$ $\epsilon>0$
$aj,$ $b_{J}$ $\epsilon\geq 0$ $T$
$\mathbb{E}^{0}[e^{S_{\epsilon}^{OD,T}(x)}]\leq a_{1}e^{b_{1}T}$ and $\mathbb{E}^{0}[e^{Z_{\epsilon}^{T}(x)}]\leq a_{2}e^{b_{2}T}$
(2.29) (2.36)








$H_{\epsilon}$ $V$ $\delta W$ $H_{\epsilon}(\delta)$ $\delta\geq 0$ .
$- \frac{1}{2}\sum_{j=1}^{N}\triangle j+\delta W,$ $\delta>0$ , $H_{\epsilon}(\delta)(\delta>0)$
$3 \ovalbox{\tt\small REJECT}^{\backslash }\Re F\frac{\backslash \xi}{}\Psi_{g}(\delta)$ [Spo98, GerOO] 2.22
$e^{-TH_{c}(\delta)}$
$\Psi_{g}(\delta)>0$
$(f\otimes 1, \Psi_{g}(\delta))\neq 0$ $0\leq f\in L^{2}(\mathbb{R}^{3N})$ $f\not\equiv 0$ .
$\inf\sigma(H_{e}(\delta)+g^{2}N\varphi_{\epsilon}(0,0))=-\lim_{Tarrow\infty}\frac{1}{T}\log(f\otimes 11, e^{-T(H_{\epsilon}(\delta)+g^{2}N\varphi_{\xi}(0,0))}f\otimes 1)|$ (2.54)
$0\leq f\in L^{2}(\mathbb{R}^{3N})$ (2.51) (2.53)
$(f \otimes 1, e^{-2T(H_{\epsilon}(\delta)+g^{2}N\varphi_{\epsilon}(0,0))}f\otimes 1)=\int_{\mathbb{R}^{3}}dxE^{x}[f(B_{-T})f(B_{T})e^{-\int_{-T}^{T}\delta W(B_{s})ds}e^{S_{\epsilon}^{ren}}]$
$\leq\Vert f\Vert^{2}\sup_{x\in \mathbb{R}^{3}}\mathbb{E}^{0}([e^{2(S_{\epsilon}^{OD,T}(x)+X_{\epsilon}^{T}(x)+Y_{\epsilon}^{T}(x)+Z_{\epsilon}^{T}(x))}])^{1/2}\leq\Vert f\Vert^{2}a_{5}e^{b_{5}T}.$
(2.54)




$|(F, e^{-2T(H_{\epsilon}(\delta)+g^{2}N\varphi_{6}(0,0))}G)|\leq\Vert F\Vert\Vert G\Vert e^{b_{5}T}$ (2.56)
$F,$ $G\in \mathscr{H}$ (2.48)
$(F, e^{-2TH_{\epsilon}(\delta)}G)$
$= \int_{R^{3}}dxE^{x}[e^{-\int_{-T}^{T}\delta W(B_{s})ds}E_{\mu_{E}}[e^{-\phi_{E}(\int_{-T}^{T}\Sigma_{j=1}^{N}\delta_{\delta}\otimes\overline{\varphi}(\cdot-B_{s}^{j})ds)}.$
$\lim_{\delta\downarrow 0}(F, e^{-2T(H_{\epsilon}(\delta)+g^{2}N\varphi_{\epsilon}(0,0))}G)=(F, e^{-2T(H_{\epsilon}(0)+g^{2}N\varphi_{\epsilon}(0,0))}G)$ .
(2.56) $\delta\downarrow 0$
$|(F, e^{-2T(H_{\epsilon}(0)+g^{2}N\varphi_{\epsilon}(0,0))}G)|\leq\Vert F\Vert\Vert G\Vert e^{b_{5}T}$. (2.57)
(2.55) $\delta=0$ $H_{\epsilon}=H_{\epsilon}(O)+V$ $V$
$\inf\sigma(H_{\epsilon}+g^{2}N\varphi_{\epsilon}(0,0))+\frac{b_{5}}{2}+\Vert V\Vert_{\infty}\geq 0.$
$C=_{2}^{b}-\Delta-\Vert V\Vert_{\infty}$
2.22 $\Sigma$ $- \frac{1}{2}\sum_{j=1}^{N}\triangle_{j}+V$ $E=$
$\inf\sigma(-\frac{1}{2}\sum_{j=1}^{N}\Delta_{J}+V)$ [Spo98]
$\Sigma-E>\frac{N^{2}}{4}\int_{\mathbb{R}^{3}}e^{-\epsilon|k|^{2}}\beta(k)1_{\Lambda}^{\perp}(k)dk$
$H_{\epsilon}$ $([$LHBII, Theorem $6.6]^{-} )$ .
$V(x^{1}, \ldots, x^{N})=\delta\sum_{j=1}^{N}|x^{j}|^{2}$ $H_{\epsilon}$ $\epsilon>0$ $\delta>0$
$\Sigma-E=\infty$
2.2 : $F,$ $G\in \mathscr{H},C_{\epsilon}(F, G)=(F,$ $e^{-t(H_{\epsilon}+g^{2}N\varphi_{e}(0,0))c)}$ 2.18
$F,$ $G\in \mathscr{D}$ $C_{\epsilon}(F, G)$ $\epsilon\downarrow 0$ 2.21
$\Vert e^{-t(H_{\epsilon}+g^{2}N\varphi_{\epsilon}(0,0))}\Vert<e^{-tC}$
$\mathscr{D}$ $\mathscr{H}$ $\{C_{\epsilon}(F, G)\}_{\epsilon}$ $C_{0}(F, G)= \lim_{\epsilon\downarrow 0}C_{\epsilon}(F, G)$
$|C_{0}(F, G)|\leq e^{-tC}\Vert F\Vert\Vert G\Vert$ . Riesz $T_{t}$




$T_{t}T_{s}$ $T_{t}$ $e^{-t(H_{\epsilon}+g^{2}N\varphi_{\epsilon}(0,0))}$ $T_{t}$
(2.50) $(F, T_{t}G)$ $t=0$ $F,$ $G\in \mathscr{D}$
$\mathscr{H}$
$\Vert T_{t}\Vert$ $t=0$ $T_{t}$ $t=0$
Stone [LHBII, Proposition 3.26] $H_{ren}$




$(f \otimes l, e-2TH_{ren}h\otimes 1)=\int_{\mathbb{R}^{3}}dx\mathbb{E}^{x}[\overline{f(B_{-T})}h(B_{T})ee^{L^{2}}2$ . (2.58)
3
$\varphi_{\epsilon}(k)=(2\pi)^{-3/2}e^{-\epsilon|k|^{2}/2}$ dispersion relation
$\omega_{\nu}(k)=\sqrt{|k|^{2}+\nu^{2}}$ $\nu>0$ $L^{2}(\mathbb{R}^{3N})\otimes \mathscr{F}$
$H_{\epsilon}=H_{p}\otimes 1+1\otimes H_{f}+H_{I}$
$H_{P}I= \sum_{=1}^{N}j(-\frac{1}{2}\triangle_{J})+V(x_{1,..N}\prime., x)$ $N$-
$H_{f}= \int_{\mathbb{R}^{3}}\omega_{\nu}(k)a^{*}(k)a(k)dk$ $H_{\epsilon}$ $-$
$\kappa a$ $\kappa a^{*}$ $H_{\epsilon}$









$P_{\Omega}$ $\{z1|z\in \mathbb{C}\}\subset \mathscr{F}$




3.2 $f,$ $h\in L^{2}(\mathbb{R}^{3})$
$\lim_{\kappaarrow\infty}(f\otimes 1, e^{-tH_{ren}(\kappa)}h\otimes 1)=(f, e^{-th_{eff}}h)$ . (3.4)
2.18
$(f \otimes 1, e^{-2TH_{r\epsilon n}(\kappa)}h\otimes 1)=\int_{\mathbb{R}^{3}}dxE^{x}[\overline{f(B_{-T})}h(B_{T})^{-\int_{-\tau^{V(B_{s})ds}}^{T}{}_{2}S_{0}^{ren}(\kappa)]}ee^{L^{2}}$ . (3.5)
$S_{0}^{ren}( \kappa)=2\sum_{i\neq j}^{N}\int_{-T}^{T}\varphi_{0}(B_{s}^{i}-B_{s}^{j}, 0, \kappa)ds+2\sum_{i,j=1}^{N}\int_{-T}^{T}ds\int_{S}^{T}\nabla\varphi_{0}(B_{t}-B_{8}, t-s, \kappa)\cdot dB_{t}$
$-2 \sum_{i,j=1}^{N}\int_{-T}^{T}\varphi o(B_{T}-B_{s}, T-s, \kappa)ds$ , (3.6)
$\varphi_{0}(x, t, \kappa)=\frac{1}{(2\pi)^{3}}\int_{\mathbb{R}^{3}}\frac{e^{-ik\cdot x}e^{-\kappa^{2}\omega(k)|t|}}{2\omega(k)}\frac{\kappa^{2}}{\kappa^{2}\omega(k)+|k|^{2}/2}1_{\Lambda}^{\perp}(k)dk$ (3.7)
$t=0$
$g^{2} \sum_{i\neq j}^{N}\varphi_{0}(x^{i}-\dot{d}, 0, \kappa)dsarrow\frac{g^{2}}{4\pi}\sum_{i<j}\frac{e^{-\nu|x^{1}-x^{j}|}}{|x^{i}-x^{j}|},$
$t\neq 0$










$\lim_{t\downarrow 0_{x}}\sup_{\in \mathbb{R}^{d}}\mathbb{E}^{x}[\int_{0}^{t}|V(B_{S})|ds]=0$ . ( $A$ .1)
$\mathscr{K}_{d}$ Katx
A.l $V\in \mathscr{K}_{d}$ $W(x)= \sum_{i\neq j}^{N}V(x^{i}-x^{j})\in \mathscr{K}_{dN}$ . $x=(x^{1}, \ldots, x^{N})\in$
$\mathbb{R}^{dN}$
[CFKS08, p.7] Kato- $V\in_{t}\mathscr{K}_{d}$
$\lim r\downarrow 0_{x\in \mathbb{R}^{d}}\sup\int_{|x-y|<r}|g(x-y)V(y)|dy=0$ with $g(x)=\{\begin{array}{ll}|x| d=1-\log|x| d=2|x|^{2-d} d\geq 3.\end{array}$ ($A$ .2)
A.2 $V\in \mathscr{K}_{d}$ $\sup_{x\in \mathbb{R}^{d}}\int_{\mathbb{R}^{d}}|g(x-y)V(y)|dy<\infty.$
Kato- (1) $d=3$ $|x|^{-(2-\epsilon)}(\epsilon>0),$ (2) $V\in L^{p}(\mathbb{R}^{d})+$
$L^{\infty}(\mathbb{R}^{d})$ . $p=1(d=1),$ $p>d/2(d\geq 2)$ . Kato- $V$
$e\int_{0}^{t}V(B_{S})ds$
A.3 $0\leq V\in \mathscr{K}_{d}$ $\beta,$ $\gamma>0$ :
$\sup_{x\in \mathbb{R}^{d}}E^{x}[e^{\int_{0}^{t}V(B_{s})ds}]<\gamma e^{t\beta}$. ($A$ .3)
$V\in L^{p}(\mathbb{R}^{d})(p=1(d=1),$ $p>d/2(d\geq 2$ $\beta=C\Vert V\Vert_{p}$ $C$
[$LHB11\prime$ , Lemma 3.38]
B
$\mathscr{F}$ $L^{2}(Q, \mu)$
$(Q, \Sigma, \mu)$ $\{\phi_{0}(f), f\in H_{-1/2}(\mathbb{R}^{3})\}$ $\phi_{0}(f)$ $f$
$E_{\mu}[\phi_{0}(f)\phi_{0}(g)]=\frac{1}{2}(f, g)_{H_{-1/2}(\mathbb{R}^{3})}$










$f\in H_{-1/2}(\mathbb{R}^{3})$ $\delta_{t}\otimes f\in H_{-1}(\mathbb{R}^{4})$ $\Vert\delta_{t}\otimes f\Vert_{H_{-1}(\mathbb{R}^{4})}=\Vert f\Vert_{H_{-1/2}(\mathbb{R}^{3})}$
$\delta_{t}(x)=\delta(x-t)$ $t$ (2.48)
$J_{t}:L^{2}(Q)arrow L^{2}(Q_{E}),$ $t_{1}\in \mathbb{R}$ , :
$J_{t}1_{L^{2}(Q)}=1_{L^{2}(Q_{E})}$ and $J_{t}: \prod_{j=1}^{m}\phi(f_{j}):=:\prod_{j=1}^{m}\phi_{E}(\delta_{t}\otimes f_{j})$ :







$[ \phi_{\hat{\varphi}}(x), \pi_{\hat{\lambda}}(y)]=i\int e^{ik(y-x)}\hat{\varphi}(-k)\hat{\lambda}(k)dk$, ( $C$ .1)
$[H_{f}, \phi_{\hat{\varphi}}(x)]=\frac{1}{\sqrt{2}}\int(a^{*}(k)e^{-ikx}\sqrt{\omega}\hat{\varphi}(-k)-a(k)e^{ikx}\sqrt{\omega}\hat{\varphi}(k))dk=-i\pi_{\hat{\varphi}}(x)$ , ( $C$ .2)









$A_{j}^{*}= \frac{1}{\sqrt{2}}\int a^{*}(k)e^{-ikx_{j}}k\beta(k)\hat{\varphi}(-k)dk,$ $A_{j}= \frac{1}{\sqrt{2}}\int a(k)e^{ikx_{i}}k\beta(k)\hat{\varphi}(k)dk$ ( $C$ .4)
$(P_{j}+A_{j}+A_{j}^{*})^{2}$
$(P_{j}+A_{j}+A_{j}^{*})^{2}=P_{j}^{2}+2P_{j}A_{j}+2A_{j}^{*}P_{j}+A_{j}^{2}+2A_{j}^{*}A_{j}+A_{j}^{*2}$
$+$ [P $A_{j}^{*}$ ] $+$ [$A_{j}$ , P ] $+$ [Aj, $A_{j}^{*}$ ].
$[P_{j}, A_{j}^{*}]=- \frac{1}{\sqrt{2}}\int a^{*}(k)e^{-ikx_{j}}k^{2}\beta(k)\hat{\varphi}(-k)dk,$











$\hat{\varphi}(k))\omega\beta(k)dk$ ( $C$ .5)
$- \frac{1}{2}\frac{1}{\sqrt{2}}\sum_{j}\int(a^{*}(k)e^{-ikx_{j}}k^{2}\beta(k)\hat{\varphi}(-k)+a(k)e^{ikx_{j}}k^{2}\beta(k)\hat{\varphi}(-k))dk$
( $C$ .6)
$- \sum_{i,j}^{N}\int e^{ik(x_{i}-x_{j})}\frac{\beta}{\sqrt{\omega}}\hat{\varphi}(-k)\hat{\varphi}(k)dk$ ( $C$ .7)
$+ \frac{1}{2}\sum_{i,j}^{N}\int e^{ik(x_{i}-x_{j})}\omega\beta^{2}(k)\hat{\varphi}(-k)\hat{\varphi}(k)dk$ ( $C$ .8)
$+ \frac{1}{4}N\int|k|^{2}\beta^{2}(k)\hat{\varphi}(-k)\hat{\varphi}(k)dk$ ( $C$ .9)
$\beta$ $(C.5)+(C.6)+ \sum_{j}\phi(xj)=0$ $(C.7)-(C.9)$
$-N \int\frac{\beta}{\sqrt{\omega}}\hat{\varphi}(-k)\hat{\varphi}(k)dk+\frac{1}{2}N\int\omega\beta^{2}(k)\hat{\varphi}(-k)\hat{\varphi}(k)dk+N\frac{1}{4}\int|k|^{2}\beta^{2}(k)\hat{\varphi}(-k)\hat{\varphi}(k)dk$
$=- \frac{1}{2}N\int\frac{\beta}{\sqrt{\omega}}\hat{\varphi}(-k)\hat{\varphi}(k)dk.$
$e^{-i\pi}He^{i\pi}=P_{j}^{2}+2P_{j}A_{j}+2A_{j}^{*}P_{j}+A_{j}^{2}+2A_{j}^{*}A_{j}+A_{j}^{*2}+H_{f}$ ( $C$ .10)
$- \sum_{i\neq j}\int e^{ik(x_{i}-x_{j})}(\frac{\beta}{\sqrt{\omega}}+\omega\beta^{2}(k))\hat{\varphi}(-k)\hat{\varphi}(k)dk$ ( $C$ .11)
$- \frac{1}{2}N\int\frac{\beta}{\sqrt{\omega}}\hat{\varphi}(-k)\hat{\varphi}(k)dk$ ( $C$ .12)
($C$ .10) 2 ( $C$ .11) ( $C$ .12)
Nelson $[Nel64a]$ $\hat{\varphi}(k)=1_{|k|<\Lambda}$ $\Lambdaarrow\infty$
( $C$ .12) 2 $e^{i\pi(x)}$
D
Gross $H_{G}$ (effective mass) 1
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